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1. Introduction 



< 



> 
in 



r G (Rq,Ri) and, moreover, 

/ A(x, Du)Dip dx > / F(x,u, Du)tp dx 



Suppose that Q, is a non-empty open subset of R n , n > 2. Let us denote: 
^Ro,Ri = {x e Q : R < \x\ < Ri} and Tj^^ = {x e dQ : R < \x\ < R x }. By 
we mean the open ball in lR n of radius r > and center at a point x. Also 
CT) ! put = <9.B;!\ In the case of x — 0, we write f? r and S r instead of 5° and 5"°, 

respectively. 
PLh ■ Consider the inequality 

div A(x,Du) > F(x,u,Du) in tt RotRl , < R < R x < oc, (1.1) 

where £) = (d/dxi, . . . , d/dx n ) is the gradient operator and A : ^^ 0) ^ 1 x R n — > M n 
is s measurable function such that 

Ci|e| p <^(x,0, |A(a;,OI <Ca|ei P_1 
with some constants Ci > 0, C2 > 0, and p > 1 for almost all x G ^#0,^ and 
for all £ G R n . We say that k is a solution of fflTTj) if u G 11^(0^) fl Looker), 
-Dm) G Lp/( p _i)(fiij 0)T .), and F(x,u, Du) G L p /( p _i)(fi,R 0ir ) for any real number 

O 
O 

for any non- negative function cp G C^^-Ro.-Ri) |4|. In so doing, the condition 

u\ r =0 (1.2) 

means that y?M G ^(^^J for any (p G C x> (B RoiRl ), where S fl0ji?1 = {a; G 
M n : i? < \x\ < Ri}. In particular, if Q = W 1 , then (O) is fulfilled for all 

Throughout this paper, we assume that 5 r fl O 7^ for any r G (i2o, Ri). Let it 
be a solution of (fTTTT) . (TOD . Put 

M(r; w) = ess sup w, rG (R ,Ri), (1.3) 

where the restriction of it to S r Pi Q is understood in the sense of the trace and the 
ess sup in the right-hand side of (jl.3p is with respect to (n— l)-dimensional Lebesgue 
measure on S r . We also assume that the right-hand side of inequality fll.lj) satisfies 
the following condition: there exist a real number a > 1 and locally bounded 
measurable functions / : [Rq, Ri) x (0, 00) — > [0, 00) and b : [Rq, Ri) — > [0, 00) such 
that 

/(r, t - 0) = /(r, t) for all i2 < r < t > 0, 
f(r, h) > /(r, t 2 ) for all Rq < r < R 1: t x > t 2 > 
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and, moreover, 

F(x,t,£)> sup f(r,t) -l^- 1 inf b{r) (1.4) 

re(|a-|/<T,<T|x|)n(iJ , J Ri) re{\x\/a,a\x\)n(R ,Ri) 

for almost all x G f^Ro,^ and for all t G (0, oo) and £ G lR n . 

The questions studied in this article were earlier investigated by a number of 
authors PQ [3], [5]-[T0]. Our aim is to estimate the function M(-;u) by a solution 
of an ordinary differential equation, which contains the radial p-Laplace operator 
with the lowest terms. 



2. Main results 



Theorem 2.1. Let u be a non-negative solution of problem (11. ip . (II. 2p such that 
M(-;w) is a non- decreasing function on the interval (Rq,Ri) with 



M(R + 0;u) > 0. 



(2.1) 



Then for all real numbers a > p — 2 and k > there exist constants a > and 
/3 > depending only on n, p, a, k, a, C\, and C2 such that the Cauchy problem 



1 d 

,1+a fir 





dm 
dr 


— + kb(r) 
dr 1 


dm 
dr 


m 


(Ro) 


= M(R + 0;u), 


m'i 


[Ro,Ri) satisfying the estimate 






M(r; u) > m(r) 


> 



^- = a/(r,/3m), (2.2) 
Ro) = 0, (2.3) 



for any r G (R ,Ri). 

Theorem 2.2. Under the hypotheses of Theorem \2.1\ for all real numbers a > p—2 
and k > there exist constants a > and (3 > depending only on n, p, a, k, a, 
C\, and C2 such that 

M(r;u)-M(Ro + 0;u) 
ft 



> 



dt 



Ro 



a 



f(Z,PM(Z-u))dZ 



Ro 



V(P-1) 



(2.4) 



for any r G (_R ,-Ri)- 

Example 2.1. Consider the inequality 



dxi 



a i:j (x) 



du 
dxj 



J +J2h(x)^- > c(x,u) 

' i=l 



for a linear uniformly elliptic operator with locally bounded measurable coefficients. 
Setting p = 2 and 



F(x, t, f ) = c(x, t)-^2 bi(x)£i 



i=l 

one can show that relation (11.41) is filfilled if b and / are non-negative functions 
such that 

n 

b(r) > sup \h(x)\ for all r G {R ,Ri) 



and 



f(r,t)< inf c(x,t) for all r G (Rq, R±), t G (0, oo). 



In this case, equation (12. 2 p takes the form 

d 2 m fl + a , , , ,\ dm 



dj 2 + ( — + fc6(r) j w = af(r, (5m). (2.5) 

Putting a = n — 2 and = 1, we obviously obtain the radial part of the operator 
A + b(\x\)D\x\D in the left-hand side of fl23|) . 

Proof of Theorem \2.1\ Assume that Theorem 12.21 is already proved. Let us con- 
struct a sequence of maps rrii : [Rq, Ri) — > (0, oo) by setting mo(r) = M(i? + 0; u) 
and 

mi (r) = M(R + 0;u)+ dt (— ^ e - fc 4^/(£, /Jm^)) 

2 = 1,2, We have M(r; w) > rrii{r) > mj_i(r) for all r G (-Ro, -Ri), i — 1,2,.... 

Therefore, there exists a map m : [i? , -Ri) — > (0, oo) such that rrii tends to m 
everywhere on the interval [Rq, Ri) as i — > oo. 

It is obvious that M(r; w) > m(r) for all r G (-Ro, -Ri)- I n addition, the following 
integral equation is valid: 

m(r) = M(R + 0;u) + ^ dt ^ e +a e~ k ^ b{ ° d( f(^, (3m(0) d^j 

Thus, to complete the proof it remains to verify by direct differentiation that m 
is a solution of problem (Q, Q. □ 

3. Proof of Theorem 12.21 

From now on we assume that a > p — 2 and k > are some fixed real numbers 
and u > is a solution of problem (ll.ip . ( jl .21) such that M(-; w) is a non- decreasing 
function on the interval (_R ;-Ri) satisfying condition (12. ip . Without loss of gener- 
ality it can also be assumed that 

inf b > 0; 

(Ro,Ri) 

otherwise we prove (12. 4p with b replaced by 6 + 5, where 5 is a positive real number, 
and let S tend to zero afterwards. 

From the maximum principle, it follows that 

M(r-0;u) = M(r;u), re(R ,Ri), (3.1) 

(see Corollary 14.11 Section H]). 

Lemma 3.1. Let < /3 < 1, Rq < r < n < R 1; and a 2 r > r\. If (5 1/2 M{ri, u) < 
M(r ; u), then 

M(n; u) - M(r ; u) > 7 i min { (n - r Q f'^- l \ ^7^} f 1,{p ~ l \s, /3M(n; it)) 



/or a// s G [ri/o", ot ] fl (-Ro, -Ri); where 

A = 

[n / <r. 

and £/ie constant 71 > depends only on n, p, C\, C2, and f3. 



A = inf b 

[ri/o-,crr-o]n(_Ro,-Ri) 
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The proof of Lemma 13.11 is given in Section HI 

Corollary 3.1. Suppose that < (3 < 1, Rq < r < r\ < R\, or > r\ and, 
moreover, /3 1//2 M(ri; u) < M(ro;u). Then 

/ rpi \ V(p-i) 

M(r 1 ; W )-M(r ;«)>7 2 (r 1 -ro)^y e"*'< 6(c)dC /(£, 0M(£; u)) d£j (3.2) 

for all real numbers Rq < po < p\ < R\ satisfying the inequalities r±/a < po, 
Pi < r i, and p\ — po < r\ — r , where the constant 72 > depends only on n, p, k, 
C\, C2, and (3. 

Proof. We have 



e 

PO J PO 



</&,/3M(£,;iO) r e~ kX ^-$dt 



PO 



for some G (po,Pi), where 



A = inf b. 

(po,pi) 



Since 

"pi 



1 _ p-kX(pi-po) ( 1 

e -KHPi-0 d {: = _ < min | pi _ p0; _ 

this implies the estimate 

/ rpi \ 1 /(p- 1 ) 

(n-r ) (J e' k h ^*/(e,)3M(e;tt))deJ 

< min |( ri - r o y/^\ } f^K^fMfa «)), 

whence in accordance with Lemma [3. II we obtain (13. 2p . □ 
Corollary 3.2. Let t/ie conditions of Corollaru \3.1\ be fulfilled, then 
M(ri;u) - M(r ;w) 

Pi - PO J P0 J 

for all real numbers Rq < po < Pi < -Ri satisfying the inequalities T\ja < po, 
Px < r , and r — p\ < 77 — r , where the constant 73 > depends only on n, p, k, 
C\, C2, and (3. 

Proof. There exists G (po,Pi) such that 

Po J Po 

< «)) e - fcA ^-«) d£, (3.3) 

where 

A= inf b. 

(pO,ro) 



Po 



We have 



Pi -fcA(ro-pi) _ -fcA(ro-po) 

e -*A(ro-0 d £ = e _ 6 < _ )e -fcA(ro- W )_ 

Po fcA 



In addition, 

J _ e — fcA(ro— pi) 



-fcA(ro— pi) 



< 



< 



A;A(r - pi) 
1 



- Pi 
1 

< 

r - Pi 

Hence, we obtain 

r-pi 





1 


Pi, 


kX 




1 




kX 



e -fcA(r -0 d £ < Pi P0 ^ i ri _ - i 

po r -pi { kX) 

The last formula and (13. 3p imply the estimate 

^^-/ e -*JT«a*/&we;«))de) 

Pl - P0 ipo / 

< min |( ri -ro)^- 1 ), p^gb) } 

Thus, to complete the proof it remains to use Lemma 13. 11 □ 

Lemma 3.2. Suppose that < < 1, R < r < r x < R x , and /3 1 / 2 M(r 1 ; u) < 
M(ro; u), then 

M(n]u) - M(r ;u) 

pri / i rt t \1/(P-1) 

> 74 y dtl^j e +a e- kf t m *f(tPM&u))dt) , (3.4) 

where the constant 74 > depends only on n, p, a, k, a, C\, C2, and (3. 
Proof. In the case of ar > r±, taking G (V ,ri) such that 

ess sup /(£, /3M(£; u)) < 2/&, 0M(&, u)), 

?e(r ,ri) 



we have 



t \ V(p-i) 



fl+a 

r \ v Jr 



rn / 1 rt t \ V(P-1) 



fi 



<2 1 /b-i)/V(P-i)(^ j/ 5M(^;«)) I dt ( e~ kX ^ dn 



ro / 



where 



A = inf 6. 

(ro,n) 
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It presents no special problems to verify that 

n / ft \ i/(p-i) /-n /i -fcA(t-ro) \ VCp-i) 

dt ( / e~ kX ^dq = dt n 



< ( ' j - 'Vi) ( mm { ri - r , — 



V(p-i) 



therefore, 

ri / 1 /"* t \ 1/(p_1) 

d M7i^ / e 1+a e- fc ^ fe(?)d? /(e,/3M(e;«))^ 

r V> Jr J 

7 5 min |( ri - r o y/^\ J 1 ^" 1 ^*, /3M(£*; «)), 



where the constant 75 > depends only on p and fc, whence estimate (13 .4p imme- 
diately follows according to Lemma [3.11 

Now, let oto < 7*1 and iV be the maximal integer such that cr N ro < r\. We put 
Pi = cr l r , i = 0, . . . , N, and pn+i — fi- It can be seen that 

/ 1 r* t ^ V(p-i) 



fl+a 

Pi-i \ u Jr 



fPi / 1 ft t \ V(P-1) 

< 2 1 /0-D / dtl — e +a e- kf t bi0d( f^PM(Z;u))dt 



fl+a 

Pi-i \ J Pi-i 



fPi / 1 rpi-i 

+ 2 i/( P -D / dtl— e +a e- kI t b(0d(: f(^PM(Z;u))dZ 



fl+a 

(3.5) 

for all z = 2, . . . , N + 1. Repeating the previous arguments, we obtain 
M(ft;u)-M(ft_ i; u) 

> 76 y dt\^J e +a e- k ^ b{0d(: f(^(3M^u))d^ (3.6) 

for all i = 2, . . . , N + 1, where the constant 7 6 > depends only on n, p, fc, Ci, C 2 , 
and (3. Analogously, 

M( Pl ;u)-M(r ;u) 

i-pi / 1 ft t \ V(p-i) 

- 76 / dt (t^J r ^ 1+ae ~ kI ' b{0dC f^^ M ^ u ^^) ■ ( 3 - 7 ) 

Further, in the case of p > 2, we have 

r/H-i „, \ V(p-i) 



j=2 \ ft- 2 

^ E ( r~ 1 e 1+tt e-*J?'' l6 <«*/(e ) /3M($;u))de 



j=2 



for all t G (pi-i, Pi), i = 2, . . . , N + 1. In particular, 

N+ 1 rP* / 1 rPi-i . \1/(P-1) 



se r - i5 5^Fir(r , « i4 *«-* jj,<o< /(f.wft«))'«) 

i=2 \ Jr o / 

„_o 1 „_n \ J pi-o. 



=2 j=2 \ J Pj-2 

whence in accordance with the evident inequalities 



r~ x e 1+a e- fc ^ J_1 6(c)dC /(e, «)) # 

Pi-2 



1 Pj-2 

and pi — p.j_i < api-i, 2 < j < i < N + 1, we obtain 

N+ 1 t-Pr / 1 r «-i , \V(p-i) 



,-_ 2 •'Pi-l </r / 
jV+1 t 

i=2 j=2 

x ( e- k % j ~ lb « )cK m,(3M(Z;u))d{ 



N+l i / N (a-p+2)/(p-l) 
Pi-l 

i=2 i=2 

V(P-1) 



'Pj-2 

7V+17V+1 / v (a-p+2)/(p-l) 

'EL'*"' 

i=2 i=j 



x Pi-i ( /" V*^" 1 ^*/^^;*))^ ) ■ (3-8) 



'Pj-2 

From the definition of the real numbers p^, i — 0, . . . , N + 1, it follows that 



(7 



Af+l / \ (o-p+2)/(p-l) JV+l 

f £ZzI j = (J -(a-p+2)( i -i)/(p-l)+l < ^ 



for all j = 2, . . . , iV + 1, where the constant 77 > depends only on p, a, and a. 
Consequently, relation (13.81) implies the estimate 

N+ 1 rPi / 1 rPi-i _ \V(P-1) 



i-1 J fH-i V 1 Jr J 

N+l ( r p J _ 1 \V(P-1) 

<7tE^-i / e"*^ 1 /?M(fcu))de • (3.9) 



3=2 
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In so doing, Corollary 13. II enable us to assert that 
M(pj-iiM) -M( Pj _ 2 ;u) 



>T2(Pi-i-ft- 2 ) ( r _1 e-*^' l6 <«*/(e,/3M(e;«))de 

V/Pj-2 

= 72 ( i - -) pj-i ( r _1 e ~ kJ ' 3 ' 1 b{c)dC f& we; «)) # 



V(p-i) 



for all j = 2, ...,iV+l. Thus, 

M( P7 v;m) -M{r ;u) 

N+l rpi / , ^ j x 1 (/>-!.! 

> 

i=2 ^Pi-l V " 17 r 

where the constant 7§ > depends only on n, p, a, k, a, Ci, C 2 , and (3. 

Now, assume that 1 < p < 2. Since a > p — 2, there exists a real number 5 > 
satisfying the condition a — p + 2 — 5>0. In particular, we have 1 + a — 5 > 0. It 
is obvious that 

'•Pi-i 



W /-ft / i rPi-i \V(P-1) 

^E/ rf M7T^/ e 1+a e- fc/ ^ (?) ^/(e,/3M(^n))^ ,(3.10) 



r _1 e 1+a e- fc/ ^ (C)dC /(e,/3M(e^))^ 

j=2 Jpj-2 

< E f 3 ' 1 e +a e- k ^' lKC]dC f{i^M{^u))di 

j=2 Jpj-2 

for all t G (pi-i, Pi), i = 2, . . . , N + 1. Combining this with the estimates 



pj-2 



we obtain 



J pj-2 

T" 1 e 1+a e- fe 4 6 (0^/(e, /3M(£; «)) 

</r 

^ E^-i r~ 1 e 1+a -'c- fc Jf , ' 1 ^*/(e > /3M(e;«))de 

for all t G (pi-x,pi), i = 2,...,N + 1, whence in accordance with the Holder 
inequality it follows that 

^ 2-p 

<5/(2-p) 



f" 1 ^e"^ ^^/(C, /?M(e; «))#<(£ 

Jrn \j=2 

E ( r^e +a - 5 e- kJ ^ b{c)d<: f(c^M(c;u))dc 



l/(p-l)\ p- 1 



j=2 V«-a 



for all t E (pi-i, Pi), i = 2, . . . , N + 1. At the same time, 

i i S/(2-p) 

E p7^' } = ALT* E .- 5, '-» /(2 -" < . % 2 _ ri , i = 2, . . . , n + 1. 

Consequently, we have 

m-i t \ V(p-i) 

e 1+a e- fc ^ 6(C)dC /(e^M(e;«))^ 

V(P-!) 

for all £ G (pi-i, pi), i = 2, . . . , N + 1, where the constant 79 > depends only on 
5, p, a, and a. This immediately implies the estimate 

"+ 1 NH / 1 /"Pi-l , \V(P-1) 



1=2 "'Pi-l ^ ' 

^ e r -tot ( r , { ,w «-* j f , « ) */tt. 



=2 Pi-l ' VJr o 

Pi - Pi-1 



ST^ Pi ~ Pi-l 
- 79 2^ (l+a-8)/(p-l) 
i=2 

X E( 1 ^ 1+a_<5 e~ fe ^" l6(c)dC / / ' "' ' ' ! 

Therefore, taking into account the fact that 
fPj-i 



< pjir 4 f J 1 e- fe ^ _1 6(c)df /(e, we; «)) « 

and pj — < api-i, 2 < j < i < N + 1, we obtain 

/-ft / 1 /-ft-i Pt \V(p-i) 

£ / rf M7lW e 1+a e- fe ^ b(C)<iC /(e^M(e; W ))^) 

,_o -'Pi-i Jro J 



N+l i , N (a-p+2-5)/(p-l) 

_ _ /; . 1 



-2 J Pi-l \ Jr 

N+l i 

<79^EE V , , 

i=2 j=2 

/ ._ \ VG< 1 : 

\Jpj-2 

N+l N+l , \ (a-p+2-5)/(p-l) 

Pi-1 



Pi-1 



= ^ £ £ 

J=2 i=j 

V(p-i) 
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Since 

N+l , s ( a _p +2 -<5)/(p-l) N+l 

for all j = 2, . . . , N + 1, where the constant 710 > depends only on 5, p, a, and 
a, this again implies inequality ( 13. 9p . whence we immediately derive ( I3.10p . 
From (E2D, (GDI, and (EUOl) . it follows that 

M(n;u) - M(r Q ;u) 

N+l rPl /-,/•* , \V(P-1) 



/ dt / ( 1+ V fc ^ (()d( /((,^((; U ))rf( 

= 7ii | ri ^ jf're-'^^/K.WiuM) 



' pi \ " ^ r 

where the constant 711 > depends only on n, p, a, k, a, C%, C2, and f3. Thus, to 
complete the proof it remains to combine the last formula with (13. 7p . □ 

Lemma 3.3. In the hypotheses of Lemma \3.2[ let <r 1//2 r < r±. Then 
M(ri,u) - M(r ;u) 

where the constant 7 12 > depends only on n, p, a, k, a, C\, C2, and ft. 



Proof. Using Corollary 13.11 one can show that 

M(ri;w) - Mia^^r^u) 

/ rri ,. \ 1/0-1) 

> 72(1 - a~ 1/2 )ri / e- k ^ b ^ d <f(^PM(Z;u))dZ 



-1/2, 



\ /I -l/2\ -(a-P+2)/(p-l) 

> 72(1 — a ' J?i 



( P e +a e- kI " b{0d< f(Z,PM(Z;u))dA 



V(P-1) 



Combining this with the inequality 

M(ri;u) - M(r ;w) 

pn ( , r -V*rx \V'/-i) 

> 74 y i/2 dt [—aj r e +a e- kf " md< m m& «)) # 

> 74(1 _ ^/^-(-^/(p-i) 

r -i/2 ri \ Vb-i) 

^ 1+a e- fc/ "" (C)dC /(e,/3M(^n))^ 

which follows from Lemma 13. 2[ we complete the proof. □ 
Further in this section, we assume that 



j3 = ( min 



1 (l-a- 1 l 2 )(a-p + 2y x 1 



4 p/(p-l)+2 cr l/2 ' 8p/(p-l)+l(p _ 



11 

and 



a = mm 



lin J 72/3 V2 11 ll_ 7n(a-p + 2) 74 

i ' 2/J ' 4p/( P -i)+i (7 i/2 ' 4p/(p-i) ' 4p/(p-i) (p - 1) ' 2P/CP- 1 ) 



Lemma 3.4. Suppose that M(r ; w) < /3 1 / 2 M(r i ; -u) < M(r + 0; u) and 



\ V(p-i) 

M(r ;u)> I dt[-£-l e +a e- kf t b{0dC f(^m(Z;u))dn (3.11) 



Ro \ L J Ro 



for some real numbers Rq < r$ < r\ < R\. If a 1 ' 2 ^ < r\, then 
M(rr,u) - M(r Q ;u) 

> 2 -P/(p-l)(l _ --V2^-l/2 r -(a-p+2)/(p-l) 

/ pr \ l/(p-l) 

x (a J r i l+a e- k ^ 6 ^ d? /(e,/3M(e;«))^J • (3-12) 



Proof. At first, let 

1 
2 



?"o 

e 1+a e-*^° 6(c)dC /(e,/3M(e;«))^ 



pro 

< / ^e-^KO*/^^.^)^ (3.13) 



where r* = max{i?o ; ^o/o" 1 ^ 2 }- By Corollary 13. 1[ we obtain 
M{a 1/2 r ;u) -M(r + 0;w) 

> 72 (<x 1/2 - l)r / e~ k h b (0<K f ^{3M(Z;u))d{i 



r* 



> 72 2- 1 /(P-l)( (T l/2 _ 1)r -(«-P+2)/(P-D 

/ /-ro \ V(P-1) 

x ^ e 1+a e- fe/ « b(c)dC /(e,/3M(e; M ))^J 

The last relation immediately implies (I3.12p . 

Now, assume that 03.131) is not valid. In this case, we have r* = r^ja 1 ! 2 > R 
and 



rro 






e +a e 


'Ro 










/ fl 




'-Ro 



: f(Z,(3M^u))dt 

®<Xf(Z,f3M(Z;u))dt. (3.14) 



From (13.111) . it can be seen that 



f T ° dt f r* rrn \ 1 /( P_1 ) 

M(r ;u)> jf ^ 1+a ; (p „ 1} [a ^ ^e~ h h «0« /(£, fSMfcu)) 



(1 - (7 -i/2 )r -(-P+2)/( P -i) 



r-r* r \ l/(p-l) 

x (a / e 1+a e- fc ^° 6(C)dC /(e,/3M(e;«))^ 

«0 
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Combining this with formula (I3.14p and the inequality M(ri,u) — M(r ;u) > 
(p- 1 ' 2 - l)M(r ; u) > /3 -1 / 2 M(r ; u)/2, we again obtain (13TT2D . The proof is com- 
pleted. □ 

Lemma 3.5. Let Rq < r$ < r < R\, r < cr 1//2 ro and, moreover, 

M((;u)> ^ alt J r e +a e- k ^ mdC f^PM{i;u))di 

for all C e (Rq, r ) . // M(r ; u) < 2 M(r; u) < M(r + 0;u), then 
M(r;u) - M(r ;u) 

2 p/(p ~ 1} (p - 1) , (a -p +2 )/(p-i) (^p+a)/^.!), 

/ rr r \ 1/(p-1) 

x v a jL ^ i+ae " fc/5n(c)dc /^/ 3M ^ M ))^j • ( 3 - is ) 

Proof. We put ri = max{i? ) r o ~~ o^ x l 2 {r — r )/2}. By Corollary 13. l\ 

M(r;n)-M(r + 0; M )>7 2 (r-r )( / e~ k h /3M(£; u)) d£ 

Combining this with the inequality 

(r -( a - p+2 )/(p-l) _ r _ (a _ p+2)/(p _ 1)) < r -(l + a)/( P -l) (r _ (3 

we have 

M(r;u) - M(r + 0;w) 

^ 4P/(P~ 1 )(p - 1) _ (a _ p+2)/(p _ 1) r _ (a _ p+2)/(p _ 1) , 
a — p + 2 

. V(p-i) 



x (a^ ^ e "^ ^^/(e^M(e;«))^J • (3-17) 

The proof of Lemma 13.51 is by induction over the positive integer N defined as 
follows: N — 1 if T\ — Rq] otherwise N is the minimal positive integer such that 
M(R + 0;u) > [3 N/2 M(n;u). 

Consider the case of N — 1. If r 1 — R < r — r 1; then r < o- 1 / 2 Rq. Hence, 
repeating the arguments given in the proof of (13.171) with r± replaced by Rq, we 
obviously obtain (I3.15p . Let ri — R > r — ri. For r\ < a l l 2 RQ, taking into account 
Corollary 13.11 we have 

\ V(p-i) 

kfp 6(C) dC. 



M(r 1 ;u)-M(R + 0;u)> l2 (r 1 -R )( / e~ K h W«>f(£,pMfcu))d£ 

\JRo 

The last formula, bound (13.161) . and the relation r 1 — R > r — r x = o~ x l 2 {r — r )/2 
enable us to assert that 

M(n;u) -M(Ro + 0;u) 

72(P ~ 1) ( (q-p+2)/(p-l) _ (o _ p+2 )/(p-l)x 

^ 2 ( 7 1 /2( a _ p + 2) lr ° j 

\ V(p-i) 

Bo 
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In so doing, 

M(r; u) - M(r ; u) > (/T 1/2 - l)M(r ; u) > Af (n; u); (3.18) 
therefore, we obtain 

M(r;w) - M(r ;u) 

72(P ~ 1) . (q-p + 2)/(p-l) _ ( a _ p+ 2)/(p-l)N 

^ 2a 1 /2( a _p + 2) lr ° j 



x 



whence it can be seen that 

M(r;u) - M(r ;u) 



4?lb , (a -p4. 2 )/(p-l) (^^/(p,!), 

" a-p + 2 (r ° " r j 

rn p \ V(p-1) 



x [a e +a e-« j t w<K /(e,we;«))dej • (3-19) 

On the other hand, if of ri > a l l 2 Ro, then in accordance with Lemma 13.31 we 
have 

M( ri ;u) - M(R + 0;u) 

/ r n \ l/(p-l) 

> 7l2r -(^)/( P -D ^ e i + a e -,/ el b «Ut m (3M(£; it)) de) 

> 7i 2 (r ~ (a_P+2)/(p_1) - r - ( B-I ' +2)/(p "" 13 ) 

\ V(p-i) 

Ro J 
By (13.181) . this implies the estimate 

M(r;u) - M(r Q ;u) 

> 7i 2 (r (a ~ p+2)/(p_1) -r-ia-P+V/tP- 1 )) 

/ rn r \ l/(p-l) 

X (X ^ 1+ae " fc/elb(c)dC /^/ 3M ^ M ))^J 

whence (I3.19P follows again. Finally, summing (I3.17P and (13.191) . we derive (I3.15p . 

Assume further that Lemma I3"31 is proved for all N < N , where N is a positive 
integer. We shall prove the lemma for N = N + 1. 

Let us construct the finite sequence of real numbers Ro = ri < . . . < r 2 < r\. 
The real number r\ is defined in the beginning of the proof. If rj is already known, 
then we put 

r i+1 = inf {i G (Ro, n) : M(£; u) > /3 1/2 M(r i; u)}. (3.20) 

In the case of j-j+i = Ro, we set I = i + 1 and stop. 

From (pnj) . it can be seen that {£ G (iJb.rj) : M(£;u) > /3 1/2 M(r;; m)} ^ for 
alii = 1, — 1. Thus, the right-hand side of (13.201) is well-defined. Also note 
that / > 3 as iV > 2. 
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By H we mean the set of integers v G {2, — 1} satisfying the conditions 

r-i-i < cr 1/2 ri, r;_i - r t < 2" t+1 (r - n), and 

T £i+« c -* j? «0* /( £ £M(£; «)) d£ > ~ e +a e~ k ^ b(c)dC /(£, (3M(£; «)) d£ 

for all i G {2, . . . , z/}. We put j = maxS if the set H is not empty and j = 1, 
otherwise. 

As indicated above, to prove the lemma it is sufficient to establish the validity 
of estimate f)3.19p . It presents no special problems to verify that at least one of the 
following propositions is valid: 

(1) <7 1 ' 2 rj + i < Tj and 

'r-j+i 

> ~ P e +a e- kf " b(0d<: f^(3M^u))d^ (3.21) 

A JRo 

(2) a^Tj+i > r-j and Tj — r J+ i > 2~ J (r — ri); 

(3) Tj — Tj + \ < 2~ jf (r — r-y) and, moreover, relation (13.21 j) holds; 

(4) a^ 2 rj + i < rj and 

T +1 e 1+a e" fc ^° 6(C)dC /(e, /3M(^; u)) d£ > \ P ^e^' b(C)dC /(£, 0Mfc u)) d£. 

In case (1), Lemma [3.31 implies the estimate 
Mirj-u) -M(r j+1 + 0;u) 

V(p-i) 

> w"-^ 11 ( / ' e 1+a e- ,! ^ J6(C)dC /(e,/3M(e; W ))d^ 



from which, by the inequalities 



and 



M (r; u) - M(r ; u) > i/T 1/2 M(r ; u) > -/r j/2 M(r i; w) (3.22) 
T e +a e- k ^ bi0dc: f^^M^u))d^ 

Jr j+ x 

> P e +a e- k ^ mdC f{i^M{^u))di 

> ^7 P e +a e- k ^ b{0dC f{^PM{^u))d^ (3.23) 

1 JRo 



we obtain 



M(r;u) - M(r ;u) 

> 7i2 2-j7(p-l)-l / g-j/2( r - (a-p+2)/(p-l) _ r -( a _p +2 )/(p-l)^ 
/ /Tl \ V(P-1) 

The last formula immediately implies (I3.19p . 
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Let proposition (2) be valid. If (13. 2 1 p holds, then 

/ n x 1/(p ~ 1} 

M(r r , u )-M(r j+l +0; u) > 7 2 (r,-r J+1 ) / e~ k ^ b{ ° d( f(^ «)) <% 

by Corollary 13. II Therefore, taking into account (I3.16P and the fact that rj — rj+i > 
2~i{rQ — n) = 2~i~ 1 a~ 1 l 2 {r — ro), we have 

M( rj ;u) -M(r j+1 + 0;u) 

J 2 {P ~ 1) , -(«-p+2)/(p-l) _ -(a-p+2)/(p-l) ) 

~ 2i+ 1 a 1 / 2 {a-p + 2y ' 

t i/(p-i) 

x { / ^e- fe ^ Jb(^)d? /(e,/3M(e; M ))^ , 

'r-j+i 

Combining this with inequalities fj3.22j) and (I3.23p . one can show that 
M(r;u) - M(r ;u) 

> 72 (P~ 1) / -(o-p+2)/(p-l) _ ( a _ p +2)/(p-l)v 

- 2 JP/(P-l)+2^/2 (T l/2( a _ p + 2 ) 1 



V(p-i) 



whence (I3.19P follows. On the other hand, if (I3.2ip is not fulfilled, then r J+ i > R 
and 

'-Ro 



r r j+i 

> / e 1+a ^ fc ^ n(c)dC /(e,/3M(e;w))^ 

./flo 

> 5 f 3 e +a e- k ^ KOdC f{i^M{^u))di 

1 JRn 



1 



Ro 

n 



>^/ e 1+a e- fc ^° b(C)dC /(e,/3M(e;n))^. (3.24) 

By the induction hypothesis, we have 
M(rj]u)-M(r j+1 ]u) 

2 p/ip - 1 \p - 1) ^_ (a _p +2 )/(p-i) ( a _p +2 )/(p-l)^ 



> 



a-p + 2 



-J+l -r, , , \ V(P-1) 



X ( a I e +a e- kI ? +lbi0d<: f^f3M^,u))dZ 
'Ro 



therefore, 

M( rj ;u)-M(r j+1 ;u) 



2 P/(P1) (P~1) , -( a -p+2)/(p-l) _ _( a -p+2)/(p-l)x 

- 2 i/(p-D(a-p + 2) 1 J+1 J ' J 

x [a J r e +a e- kI z° b{0d( f^PM^u))d^ 
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Combining this with (I3.22p and the relation 



(a-p+2)/(p-l) ( a - p+2 )/(p-l) > a-p+2 ( a+ i)/(,,_ | , 

r i+1 - ^ > - _ - [rj - r j+1 ) rj 



a-p + 2 _( 0+1 )/(p_!) 

- 27^3T) (r °- ri)r ° 



> 2-j- 1 C r~ 1/2 (r ~ (a ~ p+2)/(p-1) _ r -( a -p+ 2 )/(p- 1 )) ) 
one can establish the validity of the estimate 
M(r;u) - M(r ;u) 

> 2 p /( p - 1 >(p - 1) (a _p +2 )/(p-i) _ (a _ p+ 2)/(p_iK 

- 2J>/(p-i)+2 / 3i/2 (7 i/2( a _ p + 2 ) ^ ^ 

x (a ^ e 1+a e- fc ^ n(C)dC /(e,/3M(e; M ))^J 

from which ( 13 . 19[) follows again. 

Now, let proposition (3) be valid. It is obvious that 

3 i 

T\ ~ r j+ i = J^Oi - r i+ i) < ^2 2 ~ l ( r o - r i) < r o - n- 
i=i i=i 

In particular, 

j+i > r o- Consequently, Corollary 13.21 implies the inequality 

M(r;u) - M(r + 0;u) 

(\ V(p-i) 
O ~ O • I Jr J+1 

whence in accordance with (I3.16p . f!3.23j) and the fact that Tj—Tj+\ < 2~- ? (r — ri) < 
2~- ? (?"o ~~ r j) we obtain 

M(r;u) -M(r + 0;u) 

73(P ~ 1) , (g-p+2) /(p-l) (a-p+2)/(p-lh 

" a-p + 2 [r ° ~ r } 

x I^J r e +a e- kf t 0b{Qd(: f^f3M(Z;u))dZ) 

This obviously implies (I3.19p . 

Finally, let proposition (4) be valid. If r J+ i = Ro, then the right-hand side 
of ( I3.19P is equal to zero; therefore, estimate ( I3.19P is trivial. Thus, one can assume 
that Tj + i > R . In this case, we have M(r J+1 ; it) < fi x l 2 M{rj\ u) < M(r J+1 + 0; u) 
and Lemma 13.41 allows us to assert that 

M( rj -u)- M(r j+1 ;u) 

> 2 -p/(p-l)( 1 _ a -l/2^-l/2 r -(a-p+2)/(p-l) 

( n + 1 r'i+l , ^ ^ V(P-1) 

x [a J r ^ e ~ k h 6 (0«/(e,/3M($;«))de 
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Combining the last relation with fj3.22j) and ( I3.24p . we obtain 
M(r;u) - M(r ;u) 

> 2 -(P+j)/(P- 1 )- 1 (l - <7 -V2^-(j+l)/2 r 7(o-p+-2)/( P -l) 

/ pri \l/(p-l) 

x [a ^ e 1+tt e~*Ji bK)dC /(£,/3M(^))^J 

whence ( 13. 19f) follows at once. The proof is completed. □ 

Proof of Theorem \2. 6 A The proof is by induction over the minimal positive integer 
N such that M(R + 0; u) > f3 N / 2 M(r;u). If JV = 1, then ([22]) follows from 
Lemma 13.21 Assume that Theorem 12.21 is already proved for all N < Nq, where N 
is some positive integer. Let us prove it for N = iVo + 1. Put 

r = inf{£ G (i? ,r) : Af(£;u) > f3 1/2 M(r; u)}. 

We have i?o < r o < r and, moreover, M(r ; if) < (3 l / 2 M{r; u) < M(r + 0; u). 
By the induction hypothesis, 

M{r o ;u)-M{R o + 0;u) 

- * 7 e 1+a e~ fc/ ^ (C) ^/(e,/3M(e; M ))^J • (3.25) 

At the same time, it can be shown that 
M(r;u) - M(r ;u) 



/r / ' rt \ 1/(P-1) 

dt e +a e- kI t mdC m,PM&u))dZ) . (3.26) 



-t , \ V(p-i) 

Really, the right-hand side of the last expression satisfies the inequality 



rf M7T^ / ^ 1+a e- fc/ ^ (C)dC /(^/3M(e; M ))^ 
<2 1/(p - 1} / dtl-£- e +a e- k ^ md< f(^(3M(^u))^ 



j-l+a 



/r / /-r \ I/CP" 1 ) 

* A e 1+a e- fe ^ b(?) ^/(e,/3M(e;n))^) 

Thus, formula (I3.26j) will be proved if we succeed in proving the estimates 
M(r;u) -M(r + 0;u) 

/r / rt t \ VCP" 1 ) 

* y e 1+a e- fe/ ^ (C)(iC /(e,/3M(e; M ))^J (3.27) 
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and 

M(r;u) - M(r ;u) 

> 2 P/(P ~ 1} (P ~ 1) / -(g-p+2)/(p-l) (a _ p+2 )/(p-l)x 

- a-p+2 1 ; 

/ rr \ 1 /(P~ 1 ) 

>W/<p-i)j dt I^J r e +a e- k ^ b{0dC f^^M(C,u))d^ . (3.28) 

Estimate (13.271) is a consequence of Lemma I3T21 whereas ( 13. 28ft can be obtained by 
Lemma [3.41 if a 1 / 2 ^ < r or by Lemma [3.51 if o x I 2 Tq > r. 

To compete the proof it remains to sum inequalities (I3.25P and (I3.26p . □ 

4. Proof of Lemma 3.1 

As in the previous section, we assume that u is a non-negative solution of prob- 
lem ( 11. ip . ( 11. 2p and, moreover, M(-; u) is a non- decreasing function on the interval 
(Ro,Ri) satisfying condition ( 12. ip . 

Lemma 4.1. There is a symmetric n x n-matrix \\a^\\ with measurable coefficients 
such that the function A = (Ai,...,A n ) on the left in ( II. ip can be written as 
follows: 

n 

Ai(x, = J2 a ^ x ' 0\^\ P ~%, i = l,...,n, 
for almost all x G ^r ,Ri an< ^ f or a ^ £ G M n . In so doing, we have 

n 

Aiicr< ^%(x,ooo< A 2 icr (4.i) 

for almost all x G Q^^^ and for all £, ( G MP, where the constants Ai > and 
A 2 > depend only on C\ and C 2 . 

The proof is given in [3], Lemma 4.1]. 
We put 

, (P"2)/2 



where 



Also let 



aij(x,Du), xeQ R(hRl , 

(Ai + A 2 )c%/2, i6r\0„. 



Qi(x,£) = h(x)q(x,£)^2q ij (x)£ j , i = l,...,n, (4.2) 

where /i(x) = \Du\ p ~ 2 /q(x, Du) for all x G f^,;^ such that Du(x) ^ and 

/i(a;) = (A[ 2 p ^ 2 + A 2 2 p ^ 2 )/2 for all other x G IR n . In the case of £ = 0, we assume 
that the right-hand side of (14. 2 j) is equal to zero. 
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Relation (14. ip implies the inequalities 

min{A! 2 - p)/2 , \t P)/2 } < h(x) < max{\?- p)/2 , A^ 2 } (4.3) 

and 

n 

Ai|ei 2 < X)g«(^< W ( 4 - 4 ) 

for almost all x G R™ and for all (el n . 
From Lemma 14. 14 it follows that 

div Q(x, Du) > F(x, u, Du) in H^^^ (4.5) 

where Q = (Q\, . . . , Q n ). In addition, we obtain 

{Q(x,Z)-Q{x,()){Z-0>o 

for almost all and for all £, ( G R n , £ ^ C- 

Let cji and W2 be open subsets of M n and v G W^ ioc (u;i fl W2). We say that 

o 

if <y9f G Wp(oui fl W2) for any ip G Cq 30 ^). Analogously 

o 

if <^max{v, 0} G Wp(i^i H o; 2 ) for any G Cq ^). 

Lemma 4.2. Suppose that v G (tui fl W2) is a solution of the problem 

div Q(x,Dv) > g(x) in U\ fl co 2 , v\ U2ndliJi < 0, 

where U\ and u 2 are bounded open subsets of~R n and g G L p /(p-\)(<jJ\ flu^) some 
function. We denote: Uq = {x G U\ fl W2 : f(x) > 0}, 



u (x) 

and 

9o(x) 

Then 



v(x), x G Uq, 
0, x G u 2 \ w 



a(x), x G 

0, x G lo 2 \ 



div Q(x, Dvq) > go(x) in uj 2 . 
Lemma 4.3. For every non-negative function w G Wp(B^) fl L 0O (S^), r > 0, 

o 

?/ G W 1 , t/iere exists a function ip G VFp(^) ^ ^oo(^r) s,uc ^ < ?/> < 1 almost 
everywhere on B^, ip = 1 almost everywhere on B y r , 2 and, moreover, 

ess sup u^ 1 > -CV P ~™ / Q(x, dx, 

where the constant C > depends only on n, p, C\, and C 2 . 

The proof of Lemmas 14.21 and 14.31 is given in [31 Lemmas 4.2 and 4.4]. 
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Proposition 4.1 (maximum principle) . Suppose thatv G Wp (u) nL^u), where u 
is an open bounded subset ofM. n with an infinitely smooth boundary and, moreover, 

divQ(x,Dv) + H(x)\Dv\ p - 1 > (4.6) 

in u for some funtion H G L^uj). Then 

ess sup v\ dui = ess sup v, (4.7) 

where the restriction of v to du is understood in the sense of the trace and the 
ess sup in the left-hand side of (14.71) is with respect to (n— 1) -dimensional Lebesgue 
measure on du. 

Proposition 4.2. Let v G W^{{0,l) n ), I > 0. If mes{x G (0,/)" : v(x) = 0} > 
l n /2, then 



\v\ p dx < CP / \Dv\ p dx, 
where the constant C > depends only on n and p. 

Proposition 4.3 (Moser's inequality). Assume that v G W^{Bf) fl L oc (By) is a 
non-negative solution of inequality (14. 6p in the ball B^, r > 0, y G M. n , where 
H G Lao^Bf) satisfies the condition 



r ess sup \H\ < 1. (4.£ 

Br 



Then 



ess sup v p < Cr n v p dx 

K /2 JB\> 



where the constant C > depends only on n, p, C\, and Ci- 

We omit the proof of Propositions 14. 11 4 4.31 as it is pretty standard (see [4], [8]). 
Corollary 4.1. For all r G (Ro,Ri) 

M(r; u) = ess sup u. (4.9) 

Proof. Without loss of generality it can be assumed that Rq > 0; otherwise we pass 
in (jfSD to the limit as R -»■ +0. Take some r G (Rq, i?i). By (TO]) and (|4"3]) . the 
function u satisfies the inequality 

div Q(x, Du) + b(\x\)\Du\ p - 1 > in Sl^. 

Let us put 



U (x) 



u(x), X G co , 
0, x G £r 0i7 . \ uj , 

where uq = {x G ^H ,r : w(x) > 0} and -Bi? , r = {x G R" : Ro < \x\ < r}. 
Lemma 14.21 obviously implies that 

dwQ(x,Du ) + b(\x\)\Du \ p - 1 > in B Ro , r . 

Thus, 

ess sup uq\ 9Br r = ess sup u 



B 



R ,r 



according to Proposition 14.11 To complete the proof it remains to notice that 

M{r-u) = ess sup u \ dBRo r 
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and 

ess sup u = ess sup u . 

□ 

Lemma 4.4. Let the hypotheses of Proposition \4.3\ be fulfilled, then for any e > 
there exists a real number 5 > depending only on n, p, C\, C<i, and e such that 
the relation mes{x G By : v(x) > 0} < 5r n implies the estimate 

ess sup v < e ess sup v. 

r/8 ° r 

Proof. In the case of ess sup B v v = 0, Lemma [4.41 is trivial. Without loss of gener- 
ality it can be assumed that ess sup B v v — 1; otherwise we replace the function v 
by vj ess sup B v v. Also it can be assumed that r = 1 and y — 0; otherwise we use 
the change of variables. 

Take a non- negative function r\ G C£°(Bi) such that rj\ B =1. From ( 14.61) . we 

1/2 

have 

Q{x,Dv)D{rfv)dx + [ H{x)\Dv\ p - 1 rfv dx > 

i JBj 

or, in other words, 

/ r] p Q(x,Dv)Dvdx < H{x)\Dv\ p ~' i -rfvdx-p I 7] p ~ 1 vQ(x, Dv)Dr] dx. 

J Bi JBi JBj 

Using Young's inequality, one can show that 

/ \H(x)\\Dv\ p - 1 Tj p vdx < /i / r] p \Dv\ p dx + fi, I rfv p dx 
Jb 1 Jb 1 Jb 1 

( r ] p - 1 vQ{x,Dv)Dr}dx< /I f r] p \Q(x, Dv)^^ dx + //* f \Dr]\ p v p dx 

for all real numbers /i > 0, where the constant /i* > depends only on p and 
On the other hand, in accordance with (14. 3[) and (14. 4p there are constants x > 
and x* > depending only on n, p, G\, and C 2 such that 



and 



x/ r/ p |Dw| p rfx< / 7] p Q(x,Dv)Dvdx 

JB l J Bx 



and 



/ if\Q{x,Dv)^ t{p - x) dx < x, / 

JBi JBi 

Hence, choosing sufficiently small /i > 0, we obtain the estimate 



\Dv\ p dx< / r] p \Dv\ p dx<T v p dx, 

B1/2 JBi J Bi 

where the constant r > depends only on n, p, C\, and 

Let mes{x E Bi : v(x) > 0} < 5 for some 5 > such that 5 < 8~ n n~ n / 2 . There 
exists a finit family of the disjoint open cubs Jj, i — 1, 2, . . . , N, with the edge length 
equal to 2<5 1//ri such that -B1/4 C {jf =1 J% C -Bi/2- According to Proposition 14. 2[ we 
have 

I v p dx < (5 p/n j \Dv\ p dx, i = l,2,...,N, 
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where the constant ( > depends only on n and p; therefore, 



I v p dx<(5 p/n f \Dv\ p dx. 

JB 1 / 4 J B 1 / 2 



At the same time, from Moser's inequality, it follows that 



ess sup f p < 6 I v p dx, 

where the constant 9 > depends only on n, p, C*i, and C 2 . Thus, we obtain 
ess sup v p < r(65 p/n [ v p dx < r(95 p/n mes B 1 . 

To complete the proof it remains to take the real number 5 > satisfying the 
condition r(95 p ^ n mes B\ < e p . □ 

Lemma 4.5. Let the hypotheses of Proposition \4l\ be fulfilled, then 

( \H(x)\\Dv\ p - 1 dx <Cr n - p ess sup v p ~\ (4.10) 

IK/I 

where the constant C > depends only on n, p, C\, and C*2. 
Proof. Applying Lemma [4.31 with w = v p ^ p ~ 1 \ we have 

ess sup v p > -/jr p ~" / Q(x, Dv)Dipv dx (4.11) 

Br J Br 

O 

for some non-negative function ip G W p {B v r ) fl L^Bf) such that < ip < 1 almost 
everywhere on B% and ip — 1 almost everywhere on B^ 2 , where the constant fi > 
depends only on n, p, C\, and C 2 . Put 

/ = / \H{x)\\Dv\ p - l i)dx. 

By the Holder inequality, 

/ < esssup|iJ| / \Dv\ p ~ 1 v/j dx 

Br J B^ 

/ r \ Vp / r \ (P-1)/P 

< ess sup | if | I / ip dx I I / \Dv\ p ip dx 



B^ V*' B^ J V*' 

therefore, taking into account condition (14.81) . we obtain 

/ r \ (p~1)/p 

I <r n/p - 1 (mesB l ) 1/p \Dv\ p ipdxj . (4.12) 

At the same time, relations (14.31) and (14.41) imply the estimate 

k\ \Dv\ p ipdx< Q{x,Dv)Dvipdx, (4.13) 

JB V r JB V r 

where the constant x > depends only on p, Ci, and C 2 . Since the function v is 
a non- negative solution of inequality (14. 6 p in B%, we have 

Q(x, Dv)D(ipv) dx + / H(x)\Dv\ p ~ l ipvdx > 0. 
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Consequently, 

/ Q(x, Dv)Dvijj dx = / Q(x, Dv)D(ijjv) dx — / Q{x,Dv)Dipvdx 
Jb v t Jb? JB v r 

< / H{x)\Dv\ p - l ij)vdx- / Q(x 1 Dv)Dipvdx. 
The last relation and (14.111) allow us to assert that 

„n— p 

Q(x, Dv)Dvtp dx < I ess sup v H ess sup v p . 

Br Br V Br 

Combining this with (I4.12p and (I4.13p . we obtain 

(\ (p-i)/p 
Iesssupv + r n_p esssupv p ) , (4.14) 

Br Br J 

where the constant ( > depends only on n, p, C±, and Ci- 
In the case of 

Jesssupw > r n ~ p esssup f p , (4-15) 

Br Br 

formula (14. 14[) enables one to establish the validity of the inequality 

4 (p-i)/p 

/ < 2 (p-i)/p^/p-i [ / ess sup w 1 

V B r 

or, in other words, 

I < 2 p ~ 1 ( p r n - p esssupv p -\ 

Bf 

whence (14. 10p immediately follows. On the other hand, if ( 14 . 1 5 p does not hold, 
then in accordance with (14.141) we have 

Lp?-^ 1 

Bl 



I < 2 (p - 1)/p Cr n " p esssup^ 



This also implies ( 14 . 1 U p . The lemma is completely proved. □ 

Proof of Lemma HOI Let s G [ri/a, ar } fl (Ro, Ri), r = min{l/A, (ri — r )/4} and, 
moreover, N be the maximal integer such that Nr < (ri — ro)/2. Put Pi = tq + ir, 
i = 1, . . . , N. For each i G {1, . . . , iV} we take a point yi G S Pi D satisfying the 
condition 

lim ess sup u > M(pi;u). (4-16) 

Assume that 

ess sup u > (2 - (3 l/2 )M( Pi ; u) (4.17) 
B^nn 

for some i G {1, . . . , N}. We denote u t = {x G Bf n ft : m(x) > (5 l/2 M(pi] u)} and 

m(x) — /3 1//2 M(pj; m), x G Wj, 
0, xeB?\ui. 

From Lemma [4.21 and relation (14.51) . it follows that 
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where \ bJi is the characteristic function of U{. Therefore, in accordance with (JTT 
we obtain 

edvQ(x,Dv i )+X\Dv i \ p - 1 > f(s,p l/2 M( Pi ;u))xM m Bf . (4.19) 
Since Ar < 1, Lemma [4.51 implies the inequality 

/ir n_p ess sup wf" 1 > A / ID^ -1 dx. (4.20) 
where the constant /x > depends only on n, p, C±, and C 2 . At the same time, by 

o 

Lemma fl~3l there exists a function ^ 6 Wp(B^ 2 ) nL 00 (S^ 2 ) such that < ^ < 1 
almost everywhere on -B^ 2 , ipi = I almost everywhere on and, moreover, 

ess sup t-r 1 > -vr p ~ n I Q(x, Dv^D^dx, (4.21) 



B r/2 " "r/2 



where the constant i/ > depends only on n, p, Ci, and C^. According to (I4.19p . 
we have 

-/ Q(x,Dv i )Di/) i dx + X iDv^ipidx > f(s,/3 1/2 M( Pi ;u)) / ip { dx. 
JB V ) JB Vi l9 J^B Vi l0 

r/2 r/2 * r/2 

Combining the last relation with (14.201) and (14.211) . one can show that 

ess sup v?' 1 > xr p - n mes(^ f) B^fis, f3 1/2 M( Pi ;u)), (4.22) 



'r/4) 
Bp 



where the constant x > depends only on n, p, Ci, and C*2. By condition (14.161) . 

lim ess sup v { > (1 - l3 1/2 )M( Pi ; u) > 0. 

Since M( Pi ;u) > M(r Q ;u) > (3 1/2 M(r 1 ;u) and 

M(ri,u) = ess sup u > ess sup Wj, 

n Ron Bp 



this implies the estimate 



lim esssupfj > (1 — f3 ' )/3 ' ess sup V{. 

E— >+0 R Vi R Vi 

Therefore, by Lemma I4.4[ there exists a real number 5 > depending only on n, 
p, C\, C 2 , and such that mes(wj fl B^ 4 ) > 5r n . At the same time, taking into 
account (14.171) . we obtain 

ess sup u — M( Pi -u) > (1 - (5 l/2 )M( Pi -u) > (1 - (5 l/2 )(5 l/2 ess sup vt. 
Bp nn Bp 

Thus, formula (I4.22[) enable us to assert that 

esssupw-M^ti) > rr p/ ^- 1) f^^is, (3 1/2 M( Pi ;u)), (4.23) 
Bpnn 

where the constant r > depends only on n, p, C\, C2, and 0. Now, assume 
that (I4.17P is not valid, then there exists a real number ( > for which 

esssupw + C < (2- f3 1/2 )M( Pi ;u). (4.24) 
Bpnn 



25 

We denote Ui = {x G fl Q : u(x) > 2M(pi] u) — esssup B !/i nn u — (} and 



VAX 



u(x) — 2M(pi] u) + ess sup B !/i nn u + (, lEWj 

o, " " lefl^Uj. 



As above, the function Vi satisfies inequality (14.181) . From (I4.24p . it follows that 
u(x) > 1 ' 2 M(pi;u) for all x G Ui. Hence, in accordance with (11.41) the function 
Vi also satisfies inequality (14.191) . Consequently, repeating the previous arguments, 
we again obtain (I4.22p . Further, it presents no special problems to verify that 

ess sup Vi = 2 I ess sup u — M(pi\ u) J + (. 

\ B^ nn J 

In addition, formula (I4.16P implies the estimate 

lim^esssupfj > ess sup u — M(pi] u) + ( > 0. 
Bp B?nn 



Therefore, we have 



lim ess sup v j > - ess sup > 

£->+0 n Vi 2 nVi 



and Lemma T4.4I enables us to assert that mes(cjj fl B^ 4 ) > 5r n , where the constant 
5 > depends only on n, p, Cx, and C 2 . Thus, 

2 (esssupw-M^w) ) +C> (x5) 1/ip ~ 1) r p / {p -^ ^^(s, f3 1/2 M( Pi ; u)) 
\ Bp no, J 

by inequality ( I4.22[) . Finally, passing to the limit in the last expression as ( — > +0, 
we derive (14.231) once more. 
Since 

M(ri; u) — M(r ; u) > ess sup u — M{p\\ u) 

B^nn 

and M(p 1 ]u) > M(r ;u) > /3 1/2 M(r i; u), relation (K2~3\> with i = 1 proves the 
lemma in the case of r = (ri — ro)/4. For r = 1/A, using (I4.23[) . we obtain 

( esssupu - M( Pi ;u) j > rAfrA- 1 /^/ 1 /^ 1 ^, /3M(r i; u)), 
whence in accordance with the inequalities Nr > (ri — r )/4, 



and 



it follows that 



M(pi + i, u) > ess sup m, i = 1, . . . , JV — 1, 



M(r!;-u) > ess sup u 
B^ N nn 



M(n;u) - M(puu) > ^r(n -r )A- 1/(p - 1) / V(p " 1) (s,/3M(r 1 ;u)). 
Lemma 13.11 is completely proved. □ 
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